Optimized subtraction scales
Besides the usual sum rules optimization procedure (sum rule variables and QCD continuum threshold) studied in details in Ref. , 1 we deduce from Figs. 4 and 8 of Ref.
1 that the ratios of charmonium and bottomium moments are optimized respectively at the values of the subtraction scales: µ c = (2.8 ∼ 2.9) GeV and µ b = (9 ∼ 10) GeV.
2. α s and α s G 2 correlation
We study, in Fig. 15 of Ref.
1 (see Fig.1 ), the correlation between α s and α s G MeV, one obtains the grey band limited by the two green (continuous) curves in Fig.1 which lead to :
In the same way, the M χ 0b −M η b bottomium sum rule evaluated at the optimization scale µ b =9 GeV gives (sand colour band limited by two dotted red curves):
Comparison with the world average
These values of α s (µ) estimated at different µ-scales are shown in Fig. 2 where they are compared with the running of the world average α s (M Z ) = 0.1181(11) . 2, 3 We have added, in the figure, your previous estimate of α s (M τ ) 4 obtained from the original τ -decay rate (lowest moment):
where one should note that non-perturbative corrections beyond the standard OPE (tachyonic gluon mass and duality violations) do not affect sensibly the above value of α s (M τ ) as indicated by the coïncidence of the central value with the recent one from high-moments . Our most precise prediction for α s from the heavy-quarkonia mass-splittings comes from the (pseudo)scalar charmonium one in Eq. 3 which corresponds to: 
